Premixed flames propagating within small channels show complex combustion phenomena that differ from flame propagation at conventional scales. Available experimental and numerical studies have documented stationary, non-stationary, or asymmetric modes that depend on properties of the incoming reactant flow as well as channel geometry and wall temperatures. This work seeks to illuminate mechanisms leading to symmetry breaking and limit cycle behavior that are fundamental to these combustion modes. Specifically, four cases of lean premixed methane/air combustion-two equivalence ratios (0.53 and 0.7) and two channel widths (2 mm and 5 mm)-are investigated in a 2D configuration with constant channel length and bulk inlet velocity, where numerical simulations are performed using detailed chemistry. External wall heating is simulated by imposing a linear temperature gradient as a boundary condition on both walls. In the 2 mm channel, both equivalence ratios produce flames that stabilize with symmetric flame fronts after propagating upstream. In the 5 mm channel, flame fronts start symmetrically, although symmetry is broken almost immediately after ignition. Further, 5 mm channels produce non-stationary combustion modes with dramatically different limit cycles: in the leaner case ( ¼ 0.53), the asymmetric flame front flops periodically, whereas in the richer case ( ¼ 0.7), flames with repetitive extinctions and ignitions (FREI) are observed. To further understand the flame dynamics, reaction fronts and flame fronts are captured and differentiated. Results show that the loss of flame front symmetry originates in a region close to the flame cusp, where flow and chemical characteristics exhibit large gradients and curvatures. Limit cycle behavior is illuminated by investigating flame edges that are formed along the wall, and accompany local or global ignition and extinction processes. In the flopping mode ( ¼ 0.53), local ignition and extinction in regions adjacent to the wall result in oblique fronts that advance and recede along the wall and redirect the flow ahead of the flame. In the FREI mode, asymmetric flames propagate much farther upstream, where they experience global extinction due to heat losses, and re-ignite far downstream with opposite flame front orientation. In both cases, an interaction of flow and chemical effects drives the asymmetric limit cycles. The lack of instabilities and asymmetries for the 2mm cases is attributed to insufficient wall separation, which is of the same order of magnitude as the flame thickness.
Introduction
Small-scale combustion has attracted continued attention, owing to its applicability to micro-power generation. 1, 2 Premixed combustion in micro-and mesoscale channels represents one of the simplest cases, where walls are typically heated to avoid wall quenching. In this configuration, complex combustion phenomena have been documented in experimental, numerical, and theoretical work. In one of the first studies, asymmetric premixed flames were observed in an otherwise symmetrical experimental setup where channels are formed by parallel walls with 7 mm spacing. 3 In an extensive effort by groups surrounding Maruta, Minaev and, later, Suzuki, flames with repetitive extinction and ignition (FREI) in externally heated 2 mm bore quartz tubes were investigated in a series of studies using experimental, analytical, and numerical approaches. [4] [5] [6] [7] [8] [9] [10] More recent work by the Maruta group largely focuses on stationary weak flames in a low-velocity regime. 11, 12 As a main outcome, stable flame branches are observed for high and low mixture velocities, whereas FREI occurs in an intermediate velocity regime. 5, 12 Probably the most comprehensive overview of flame dynamics in micro-and mesoscale channels was presented in largely numerical work by groups surrounding Mantzaras and Frouzakis. [13] [14] [15] [16] [17] Mapping flame dynamics against inflow velocity and channel height, additional asymmetric modes were found after symmetry breaks due to a Hopf bifurcation. Especially for wider channels, a range of distinct combustion phenomena involving stationary and oscillating flames with harmonic or chaotic modes was predicted in simulations, many of which were confirmed in recent experiments. 18 Fundamental processes that promote complex flame behavior in narrow channels have been attributed to three mechanisms: 13 (i) thermal interactions between flame and wall; (ii) chemical interaction between species; and (iii) momentum interaction between flow field and a flame. While the first mechanism is specific to small geometries, the other two interactions are intrinsically related to premixed flame propagation. Here, a flame front may be bent by thermal expansion, diffusivethermal effects, hydrodynamic instabilities, and other effects that produce curved flame fronts, and thus increase burning rates, owing to an increased flame area. 19 In classical flame theory, these instability phenomena couple into hydrodynamic (Darrieus-Landau) instability and diffusive-thermal instability for nonunity Lewis numbers. Returning to the three mechanisms introduced earlier, the momentum interaction clearly corresponds to the Darrieus-Landau mechanism. The ability to develop this hydrodynamic instability requires a minimum channel width, where studies with one-step global kinetics and large activation energy have yielded estimates from the order of several flame thicknesses 13 to tens of flame thicknesses. 19 Basic features of combustion in narrow channels can be reproduced even if reaction chemistry is represented by simplified models. Kurdyumov et al. 20, 21 investigated premixed flames with unity Lewis number in 2D channels with step-wise wall temperature. Using steady and transient thermo-diffusive models with a single-step irreversible reaction, they were able to reproduce stationary and oscillatory as well as symmetric and asymmetric flame modes corresponding to experimental observations. 5, 22 Asymmetric oscillations were obtained only in wider channels, and the stability range of such flames became broader at larger channel heights. Tsai's work is another example of the impact of channel size on flame stability while using single-step chemistry. 23 Tsai investigated isothermal planar and circular channels and showed that asymmetric flames appear for channels with sufficiently large diameters. Stability is also affected by reactant temperatures, where an increase promotes large scale unsteadiness. 24 In subsequent work, 25 it was shown that heat losses produce a stabilization effect for low Lewis numbers, whereas they destabilize flames for large Lewis numbers.
One significant shortcoming of approaches involving single-step chemistry representations is that they are incapable of reproducing extinction and ignition processes that have meaningful physical interpretations. While there have been several studies of flame propagation with detailed chemistry, previous studies of flame dynamics have either been descriptive in nature, [13] [14] [15] [16] [17] 26 or focused on heat transfer effects in stationary flames without considering flame dynamics. 27, 28 In this study, fundamental mechanisms that are responsible for instabilities are analyzed based on classical concepts describing premixed flame propagation. [29] [30] [31] Based on findings in the literature, two channel widths were chosen: one with the half-width of the order of the flame thickness (w ¼ 1mm), to keep the flame symmetric and stable, and the other with the half-width greater than the flame thickness (w ¼ 2.5mm), to allow for asymmetric instabilities. For each channel width, two different equivalence ratios were selected: one is the marginal lower flammability limit of methane ( ¼ 0.53) and the other is a typical equivalence ratio in the lean regime ( ¼ 0.7). More details of the cases are provided in the next section. Specifically, this work addresses ignition behavior, symmetry breaking that leads to the formation of asymmetric flame fronts, and mechanisms responsible for limit cycle behavior in non-stationary combustion; in all cases, ignition and extinction processes are simulated based on detailed methane/air reaction chemistry.
Computational approach

Configuration
The flame propagation in narrow 2D channels is illustrated in Figure 1 . The unburned mixture enters from the left and is gradually heated by an imposed wall temperature profile. For simplicity, the increase in wall temperature is assumed to be linear. A more detailed description of tested geometries and conditions is given later in this section.
Depending on the operating conditions, various flame phenomena are observed, e.g. stationary flames or non-stationary flames with limit cycles, both of which can be either symmetric or asymmetric. To study these phenomena, flame or reaction fronts need to be properly defined.
Flame and reaction front definitions
From a macroscopic perspective, flames are described by flame sheets, which are surfaces that separate unburned and burned mixtures. 31 In classical treatments, the geometry of these surfaces is often described by a zero-crossing of the G-equation G x, t ð Þ. Here, G < 0 and G > 0 correspond to unburned and burned mixtures, respectively, whereas G x f , t ð Þ ¼ 0 is the location of the flame sheet. 31 This formulation has the advantage that metrics describing flame propagation can be rigorously defined. In the context of simulations with detailed chemistry, however, flame sheets are replaced by flame structures, and these definitions become less obvious.
In the following, the location of a reaction front is tied to the peak heat release along a stream line. Thus, reaction front coordinates are captured by directional derivatives of the heat release r v _ h as
where v represents the flow velocity, _ h ¼ AE _ h r is the local heat release rate and _ h r is the net heat release of the rth reaction. It is noted that Àr v _ h can be viewed as an interpretation of the G-equation, which allows for the usual definition of metrics for flame sheet (front) propagation. Zero crossings of r v _ h are extracted to form a continuous reaction front x f ¼ ðx f , y f Þ, which is illustrated in Figure 2. 2.2.1. Front angle. Consistent with classical definitions, normal and tangential directions are defined with respect to the reaction front, as shown in Figure 2 . These directions form a rotated coordinate system, where the front angle f is the angle of rotation with respect to the original x and y directions.
Flame fronts and edges.
As long as reactions are net exothermic, it is always possible to extract a peak heat release along a streamline. While this allows for the extraction of a reaction front, it is, however, not a sufficient condition for the existence of a propagating flame. In this work, a flame edge is defined as the location where heat release drops below that of a freely propagating adiabatic 1D flame with marginal flammability ( ¼ 0.53) at standard temperature and pressure. Based on this requirement, flame fronts are limited to sections of the reaction front where heat release is not marginal.
Whenever they exist, flame edges can remain stationary, advance into the unburned mixture or retreat. Thus, edge velocities offer valuable insights into flame dynamics, i.e. local existence of marginal flammability that can be interpreted as local extinction or ignition processes. In this work, x 
Attachment points.
A reaction front corresponds to a ridge of peak heat release that extends from the upper to the lower wall of the channel. Thus, attachment points are locations where the heat release in the gas phase peaks adjacent to upper and lower walls. In the following, upper and lower attachment points are denoted x 
Reaction front coordinate.
In this work, all extracted reaction fronts can be described as single-valued functions of the vertical coordinate y f . Thus, the front coordinate s(y f ) is calculated as
which corresponds to the path length between the channel mid-plane and a local position. Thus, s > 0 for the top half of the channel (y f > 0) and s < 0 for the bottom half of the channel (y f < 0). Furthermore, the reaction front length is calculated as s w ð Þ À s Àw ð Þ, whereas the flame length is calculated as sð y þ e Þ À sð y À e Þ.
Metrics
Based on definitions of reaction and flame fronts, flamerelated metrics are calculated based on a decomposition of flow velocities in directions normal and tangential to the moving reaction front. While definitions follow the usual conventions, they are summarized next. 
Velocity decomposition.
The local burning velocity u n is defined as the relative flow velocity normal to a propagating reaction front, i.e.
where n is the unit normal direction pointing toward the burned gases. Based on the unit tangent t, which points toward the edge of the flame, a corresponding tangential component is defined as
Both velocity components are functions of the flame front location, i.e. u n ðx f Þ and u t ðx f Þ.
The flame edge velocity is defined equal to the tangential velocity at the flame edge x e while pointing in the opposite direction, so that the edge velocity represents the velocity of the flame edge relative to the flow motion ðu e ðx e Þ ¼ Àu t ðx e ÞÞ. It thus indicates whether the flame front is expanding or shrinking. Owing to the definition of the front coordinate in equation (2) , an expanding flame front corresponds to u e ðx where represents the local density of the mixture. To assess the symmetry of a reaction front, the cumulative consumption rate is defined as
2.3.4. Total heat release rate. While this metric is not dependent on the existence of a flame or reaction sheet, it nevertheless represents an important parameter in non-stationary reaction front propagation. Based on the computational domain , the total heat release rate is calculated as
Numerical method
Simulations are performed using the open-source CFD package OpenFOAM. 32 OpenFOAM has the advantage of being easily expandable, where several add-on solvers for reacting flows are in active development. In this work, the numerical method involves the usual conservation equations for mass, momentum, and energy, where the add-on solver laminarSMOKE 33 is used to handle detailed chemistry. This solver is based on an operator-splitting algorithm, 34 where stiff, chemistryrelated terms and non-stiff, convective, and diffusive transport-related terms are treated separately. This separation allows for a better selection of numerical schemes for different terms in the governing equations. 35 LaminarSMOKE is developed and maintained by the CRECK group in Milan, and has been validated for reaction mechanisms with $220 species and $6800 reactions. 33, 35 In this work, the San Diego mechanism with 46 species and 235 reactions is used to model combustion of methane/air mixtures, 36 where the mixtureaveraged transport model is used for the calculation of diffusion velocities.
OpenFOAM is a control-volume code that is highly customizable. In simulations with OpenFOAM, a standard Gaussian finite volume integration scheme is used for discretization. Different schemes are selected for different derivative terms, i.e. second-order for terms including gradients and Laplacians and firstorder upwind for terms including divergence. For time integration, an implicit first-order Euler scheme (first-order, implicit) is used. Pressure and density are solved using the preconditioned conjugate gradient, as their linear system is symmetric. Other linear systems (velocity, species, and temperature) are solved using the preconditioned bi-conjugate gradient. The preconditioned conjugate gradient and the preconditioned biconjugate gradient are preconditioned by the diagonal incomplete Cholesky and the diagonal incomplete lower upper techniques, respectively.
2.4.1. Front tracking. Reaction fronts are defined by zero-crossings of directional derivatives of the local heat release (equation (1)). To obtain a smooth progression of zero-crossings, 1D interpolations are performed in directions of the computational grid. The direction of interpolation is chosen either horizontally or vertically, depending on the local front angle f , i.e. horizontal if j f j < c and vertical if j f j > c . The cut-off angle c is determined based on the aspect ratio of the grid. Once the reaction front locations are known, 2D interpolations are used to extract quantities of interest from simulations. Having reaction fronts for consecutive time steps, displacement speeds are calculated, knowing that each point at the reaction front moves normal to the flame. The distance that each point on the reaction front moves is approximated by either the local vertical or the local horizontal distance between two consecutive reaction fronts projected in the normal direction, depending on the local front angle.
Flame edges.
As discussed earlier, a flame edge is defined as the location where the rate of heat release along a reaction front falls below a critical value, i.e. _ h 5 _ h c . In this work, the critical value corresponds to the peak heat release of a freely propagating methane/ air flame at the lean flammability limit at standard temperature and pressure ( ¼ 0.53, see Glassman 37 ). A numerical value of _ h c ¼ 0:2W=mm 3 was obtained from a 1D simulation using the chemical kinetics package Cantera. 38 The choice of a standard definition for the critical heat release rate is verified in the next section, where it is shown that the part of the reaction front with _ h 5 _ h c propagates toward the burned mixture, i.e. negative consumption rates are observed. It is noted that the selection of the critical heat release rate cannot be generalized to all combustion processes at small scales as the external or conjugate heat transfer can extend the flammability limits.
Cases
A total of four 2D cases were investigated; details are summarized in Table 1 . The channel length L ¼ 80 mm is common to all cases, whereas two channel widths were tested. The width of the narrower (2 mm) channel (half-width w ¼ 1 mm) was selected to be of the order of the flame thickness, whereas the wider (5 mm) channel (half-width w ¼ 2.5 mm) allows for asymmetric dynamics that have been documented in the available literature. 5, 15, 17, 22, 26 Simulations were run at two lean equivalence ratios ; ¼ 0.7 and ¼ 0.53 were chosen to represent a typical mixture and the lean flammability limit, respectively. Since detailed transport properties are calculated locally, Lewis numbers are variable, but are typically very close to unity for lean premixed methane combustion. For both channel widths and both equivalence ratios, cases with an average inlet velocity " u in ¼ 0:4m=s were investigated; it is noted that this is higher than the laminar flame speeds at standard temperature and pressure.
A linear temperature ramp was imposed on both upper and lower walls (Figure 1) . At the inlet, the wall temperature was set to room temperature at 300 K, which increases linearly to 1900 K at the outlet, resulting in a temperature gradient of 20 K/ mm. The relatively high exit temperature was chosen to ensure ignition of air/fuel mixtures.
Grid resolutions of 75 Â 1000 and 40 Â 1000 were selected for 5 mm and 2 mm channel simulations, respectively; the simulation time step was set to 1 ms. Simulations were started with a channel initially filled with air. Methane/air mixtures enter the channel with uniform inlet temperature (T in ¼ 300 K) and a fully developed velocity profile with mean velocity u in . In cases resulting in stationary reaction fronts, simulations were continued for about one flow-through time after ignition. For non-stationary cases, simulations continued until data for at least four limit cycles or ignition-extinction events were obtained. Snapshots were saved every 2 ms of simulated time for each simulation. For cases exhibiting non-stationary behavior, snapshots spaced at 0.2 ms were saved to better resolve limit cycles. The snapshot intervals for ignition in 2 mm channels were further decreased to 0.04 ms.
Validation
To verify grid independence of results, simulations were performed over several grid resolutions for the 5 mm channel with ¼ 0.53. Grid sizes are given in Table 2 , where the refinement ratio between consecutive grid sizes was chosen as 1.5. To assess the quality of results, root-mean-square values of selected property values f were calculated for the nth grid resolution and compared with those of the finest grid, f N . Thus, the relative error for the nth grid is calculated as Table 2 shows relative errors or gas temperature ( T ) and axial velocity ( u ) at selected time steps between ignition and the onset of symmetry breaking. A comparison illustrates that results are relatively consistent: while the maximum for T is around 1%, the maximum for u is somewhat higher, at 3%. The higher value of u is attributed to the abrupt change in temperature and, consequently, mixture density during ignition.
To obtain further details, metrics closely related to chemical processes were compared for several time steps. Figure 3 shows results for the reaction front length and total heat release. Again, results show consistent progressions, which indicates that simulations are independent of grid resolution. Discrepancies between different grid resolutions are most noticeable during the ignition process at t ¼ 0.088 ms. Early times are characterized by elongated reaction fronts that propagate rapidly; accordingly, small differences in 
Results
In the discussion of results, overall flame dynamics observed in simulations are discussed before going into details of ignition, symmetry breaking, and limit cycle behavior. and flatten while propagating upstream; once stabilized, flames are negatively curved (cusp located upstream). It is noted that while detailed chemistry provides comprehensive details on 2D species distributions, heat release rate is chosen as a more precise criterion, as it integrates the impact of all species and reactions into one parameter and is known to peak at the flame front.
Comparing results for the two equivalence ratios, it is evident that the flame front in the case with marginal flammability ( ¼ 0.53) does not propagate as far upstream as it does in the case with increased flammability ( ¼ 0.7), i.e. it stabilizes in a hotter region. This behavior is not unexpected, as in the leaner case less chemical energy is released despite equal inlet velocities. To burn at the same rate, peak temperatures need to be similar, [39] [40] [41] which is consistent with numerical results: for ¼ 0.7, the peak temperature at the flame front is 1884.2 K, whereas for ¼ 0.53, it is 1814.1 K.
3.1.2. 5 Â 80 mm channel. Figures 6 and 7 illustrate that an increase in channel height from 2 mm to 5 mm changes the flame behavior drastically, as flames no longer stabilize but form limit cycles instead. Again, ignition takes place far downstream, where wall temperatures are higher. After an initial peak in integrated heat release, symmetry is lost when attachment point curves no longer collapse (Figures 6(a) and 7(a) ). Snapshots of heat release illustrate that, on ignition, elongated symmetric flame fronts form that shorten while propagating upstream before symmetry is lost (Figures 6(b) and 7(b) ). While the initial ignition process is comparable for both equivalence ratios, the resulting limit cycles show drastic differences in behavior (Figures 6(c) and 7(c) ).
In the leaner case with marginal flammability ( ¼ 0.53), the limit cycle involves an asymmetric flame front where attachment points oscillate back and forth. In this ''flopping'' combustion mode, the flame advances along one wall while receding at the other (Figure 6(a) ), which creates cyclical variations in heat release. Corresponding to the flopping behavior, Figure 6 (c) illustrates one half of the limit cycle. The frequency of the flopping mode is approximately 33 Hz.
The limit cycle behavior at ¼ 0.7 ( Figure 6 (a) and (c)) is described by FREI. In this mode, the flame front propagates far upstream, where it extinguishes; extinction is attributed to excessive heat losses to relatively cold walls. After a significant delay, the mixture reignites downstream and rapidly propagates upstream; the delay is explained by a recharge process, where unburned mixtures fill the space between locations of extinction and re-ignition. 8 Original experimental reports of FREI involved channels with radii or halfwidths less than a typical flame thickness, 5, 8 where FREI is typically symmetric. In wider channels, asymmetric FREI was validated in experiments only recently. 18 It is noted that in Figure 7 (a), leading cusps of asymmetric flame fronts alternate between upper and lower walls, i.e. Figure 7 (c) illustrates one half of the limit cycle. The FREI mode has a lower frequency (approximately 9 Hz) than the flopping mode.
Impact of channel width.
The results clearly show that, for the indicated mean inlet velocity, symmetric behavior is only observed in the narrower (2 mm) channel, where the half-width is of the order of the flame thickness ( $ 1 mm). For the wider channel, instabilities lead to asymmetric limit cycle behavior. In the following, ignition behavior, symmetry breaking, and subsequent limit cycles will be discussed in separate sections. The dependence of flame behavior on the channel width as well as the concave shape of the flame is consistent with findings in the literature. Despite similarities in attachment point temperatures at ignition, the timing differs. While there is a small impact of equivalence ratio on ignition time in the 2 mm channel, the difference is much more pronounced in the 5 mm channel, where the leaner mixture ignites later. It is known that temperature and equivalence ratio have inverse impacts on the ignition process of methane in a premixed regime; equivalence ratio has a negative impact on ignition at a given temperature, while increasing temperature accelerates the ignition process at a given equivalence ratio. 44 In this work, since wall temperature is not constant along the channel, the ignition process is not isothermal. Consequently, ignition times of the studied cases cannot be compared only based on their equivalence ratios.
To further investigate these discrepancies, Figure 8 shows the variation of edge flame location and velocity within the channel during the ignition process, in which flame edges correspond to the locations where heat release along the reaction front drops below the threshold of a marginal flame, as defined earlier. Results show that, in all cases, ignition kernels first form in the gas phase. During the ignition process, edge flames close gaps along reaction fronts until the flame spans the entire channel.
A close inspection reveals that ignition starts with a single kernel in the 2 mm channel, whereas there are two kernels adjacent to the upper and lower walls in the 5 mm channel. For both 2 mm and 5 mm channels, the gap between flame edge and channel wall closes within less than 1 ms. The longer gap between edges at the channel center takes much longer to close. Magnitudes of edge flame velocities are comparable for both equivalence ratios; in both cases, edge flames accelerate as the flame area increases. Differences in time to form a fully established flame front are explained by comparably longer reaction fronts in the leaner case.
Comparing channel widths, two factors contribute to differences in ignition behavior. First, for a channel with D w ¼ 2w, and equivalent or hydraulic diameter, D h ¼ 2D w ¼ 4w, the thermal entrance length can be estimated as L t & 0.05 Re Dh PrD h , 45 which yields L t & 59 mm for the 2 mm channel and L t & 372 mm for the 5 mm channel, based on air properties. It is known that the classic definition of a thermal entrance length does not hold for channels with arbitrary wall temperatures or with reactive flows. However, considering the flow characteristics before the ignition incident, flow temperatures are expected to be more developed and closer to wall temperatures in the narrower channel, as compared with the wider case. A second factor is the thermal length scale consideration that arises as a result of interfacial heat transfer at the wall at temperatures T ign & 1460 K: Due to thermal expansion, the bulk velocity accelerates to approximately " U ign % 2 m/s, which, together with a thermal diffusivity ign & 0.4 Â 10 À3 m 2 / s yields a length scale of L ign ¼ ign = " U ign % 0:2mm mm. The distance of ignition kernels from the walls in Figures 8 is approximately 0.4 mm, which matches the order of magnitude. Thus, it is concluded that ignition occurs at locations where the gas temperatures in the vicinity of the hot wall reach a threshold value. Prior 1D investigations have shown that significant shifts in chemical reaction pathways occur at similar temperatures. [39] [40] [41] A major result of these studies was a relative insensitivity of temperature thresholds to stoichiometry, which is consistent with current observations.
Breaking of symmetry
After ignition, symmetry is lost while flame fronts propagate upstream. To understand underlying causes, flame fronts are analyzed for the case with ¼ 0.53. For this case, the onset of symmetry breaking is discernible in the last frame of Figure 6 (b) at t ¼ 100.8 ms. In the following, four evenly spaced snapshots between 91.8 ms and 100.8 ms are analyzed. Figure 9 (a) shows local consumption rates along the flame sheet during symmetry breaking. It is shown that curves have sharp peaks at the flame cusp while values along the wings are significantly lower, i.e. the majority of the air/fuel mixture is consumed at the flame cusp where the flame is most stretched (Figures 6(b) and  7(b) ). This result is consistent with the literature, where Wang et al. 46 have shown that increasing the stretch rate results in increased burning rates. As the flame front propagates upstream, it shortens and peak magnitudes decrease, while the peak widths remain unchanged. To illustrate ramifications of this observation, cumulative consumption rates _ M are calculated along the upper and lower wings of the the flame front and plotted against axial position, as shown in Figure 9 (b). While the location of initial breaking of symmetry around t & 100 ms was not discernible in Figure 9 , cumulative values in Figure 9 (b) clearly illustrate that it starts right next to the flame cusp. Here, curves for the upper and lower branches start to diverge before the local consumption rates decrease. One possibility is that large gradients in regions next to the flame cusp result in the growth of instabilities, which lead to the breaking of symmetry in these cases. However, a more comprehensive stability analysis is required to verify this hypothesis.
Asymmetric limit cycles
After symmetry is broken, asymmetric flames experience different dynamics, depending on the equivalence ratio of the air/fuel mixture. In the case with marginal equivalence ratio ( ¼ 0.53), the flame exhibits limit cycles where the orientation flops between upward and downward asymmetric shapes. In the case with ¼ 0.7, global extinction and re-ignition events are observed during a limit cycle, known as FREI. In both cases, the duration of a limit cycle is given by the time the flame returns to a previous orientation. Within one limit cycle, two half-cycles describe asymmetric flames with upward and downward orientations but otherwise identical characteristics.
For each of the two combustion modes, one full cycle was selected for further investigations; an overview is presented in Figure 10 . The total heat release rate _ H and attachment points x þ=À a are shown in Figure  10 (a) and (b). Furthermore, edge velocities and edge locations are presented in Figure Figure 10(c) and (d) , where the intermittent existence of flame edges becomes apparent in both combustion modes. Here, advancing flame edges and receding flame edges are distinguished, which increase and decrease flame area, respectively. To further investigate the behavior of the edge flames within the limit cycle, four time steps were selected for advancing and receding flame edges; these are labeled a-d and e-h, respectively.
In the case of the marginal mixture at ¼ 0.53, a flopping combustion mode is observed. Here, the attachment point in the upper channel half (x þ a ) advances upstream into the unburned mixture, while the attachment point in the lower half (x À a ) retreats downstream (Figure 10(a) ), and vice versa. For the receding upper wing of the flame front, flame edges appear close to the upper wall at t & 171 ms (Figure  10(c) ). As the flame front moves further downstream, the spacing between the flame edge and the adjacent wall increases, while the edge velocity is negative. As the flame propagates into an area with higher wall temperatures, a recovery process is initiated when the edge velocity becomes first zero and then positive. As a result, the gap between the flame edge and the upper wall closes. It is noted that based on the definition of a flame front given earlier, the section of the reaction front stretching between the flame edge and the wall attachment point does not constitute a flame. Thus, gaps within the flame front correspond to regions with local extinction.
For FREI at ¼ 0.7, flame edges appear during reignition and extinction (Figure 10(b) and (d) ). For reignition, advancing edge locations clearly illustrate that the ignition event starts within the gas phase and evolves toward both walls asymmetrically. For extinction, slowly receding flame edges start forming relatively early close to the lower wall. At the upper wall, a receding flame edge appears immediately before global extinction. It is noted that re-ignition characteristics are different from the initial ignition event, where two symmetrically located ignition kernels were found.
3.4.1. Flopping mode ( ¼ 0.53). In the following, individual time steps within the limit cycle-marked a-h in Figure 10 (a) and (c)-were selected to investigate local extinction and ignition events in the flopping combustion mode. Results are presented in Figure 11 , which shows local re-ignition-advancing flame edge, i.e. steps ad-in the left column and local extinction-receding flame edge, i.e. steps e-h-in the right column. Flame shapes are shown in the top row, where dotted lines indicate locally extinguished regions; heat release and consumption rate as a function of flame coordinate are shown in the middle and bottom rows, respectively.
In Figure 11 (a), time steps a-d illustrate local reignition with an advancing edge flame propagating toward the upper wall. In this process, the flame wing propagating adjacent to the top channel wall changes direction when a retreating extinguished reaction front re-ignites and turns into an advancing flame front. The ignition process is clearly visible in Figure 11 release levels: marginal levels quickly disappear and a new heat release peak forms at time step d. Even more interesting is the result in Figure 11 (e), where negative consumption rates are observed for extinguished regions. Here, a negative value means that the net mass flux across the reaction front goes from product to reactant side, which corroborates the fact that reaction fronts with less than marginal heat release do not constitute flames in the classical sense and are indeed locally extinguished. It is noted that there is a slight deviation between the locations along the reaction front at which the heat release rate falls below the critical value (h < h cr) and where the consumption rate becomes negative ( _ m 5 0). For example, at time step a in Figure 11 (c) and (e), the flame coordinate (s) at which the heat release rate falls below the critical value is slightly smaller than that where the consumption rate becomes negative. This is attributed to the impact of the external heat transfer (imposed wall temperature) on the flammability limit.
Time steps e-h in Figure 11 (b) show local extinction with a receding edge flame propagating away from the lower wall. Here, a seemingly stable flame wing attached to the lower wall (e, f) starts to propagate rapidly downstream, as the opposite wing moves upstream. The extinction process is accompanied by a precipitous drop in heat release, especially along the lower wall, as detailed in Figure 11(d) . At the last time step (h), heat release along the lower frame clearly shows extinction, while an increase is noticeable along the upper wall. Again, results for consumption rates along the flame front in Figure 11 (f) yield considerable insights. At the beginning, i.e. time steps e-g, the majority of the mass flux crosses the flame front along the upper wall, where the flow is redirected along an angled flame front. As the lower branch of the front recedes, the flow upstream of the flame is changed, and time step h shows the formation of an intermediate peak in consumption rate at the channel center. In the ensuing process, this peak will proceed further toward the bottom wall and re-ignite, i.e. undergo the exact same process as shown in time steps a-d, except with reversed signs of front coordinates s.
It is noteworthy to discuss further the process of flow redirection, as it sheds some light on the nature of the instability process that establishes the limit cycle.
Results show that the locations of peak consumption rate along the flame front alternate between the top and bottom half of the channel, i.e. an angled flame acts as a wedge that redirects the unburned mixture ahead of the flame. Flame dynamics are attributed to an interaction of hydrodynamic and chemical effects that are involved in the process.
FREI mode ( ¼ 0.7)
. Again, individual time steps within the limit cycle of the FREI mode-marked a-h in Figure 10 (b) and (d)-were further investigated; detailed results are shown in Figure 12 . As in the previous case, the ignition process is illustrated in the left column, whereas events leading to global extinction are shown in the right column. Figure 12 (a) shows ignition with flame shapes a-d. Here, rapid upstream propagation is clearly evident, and symmetry is lost almost immediately after the initial flame front is formed. Again, heat release and mass consumption rate-shown in Figure 12 (c) and (e)-provide further insight. Snapshot a, at 266.8 ms, illustrates conditions immediately before ignition; heat release rates are below the critical value for the whole flame, despite a high consumption rate. The onset of reactions will occur at the interface between products and fresh mixture, which is convected downstream after the previous extinction event. The low initial heat release is thus attributed to a relatively weak mixture. In the next time step (b), at 268.2 ms, the heat release rate surpasses the critical value at the channel center, i.e. ignition clearly starts within the gas phase away from the walls; this is attributed to the much larger consumption rates in the channel center. It is noted that re-ignition differs from the initial ignition process, which started within a thin layer along the walls. On ignition, the flame develops asymmetrically, where a shifting peak of the consumption rate is an indication for flow being redirected toward the upper wall. Once the flame front is completely asymmetric, the consumption rate shows two peaks, both of which are at a location where the flame is perpendicular to the channel axis. The heat release is higher at the leading edge close to the lower wall.
After propagating upstream over an extent of more than 20 mm (where wall temperatures decrease by more than 400 K) extinction is observed, as illustrated in Figure 12 (b). Here, flames (e, f, h) are shown for three equidistant snapshots, with an additional instance (g) placed immediately before the last to illustrate global extinction. Initially, both heat release and mass consumption rates in Figure 12 weakened and moved away from the lower wall. Snapshot f further illustrates that the leading edge starts to move downstream while heat release drops below the marginal value. Eventually, snapshots g and h show two closely spaced instances (0.4 ms) where the flame loses strength and rapidly extinguishes.
Conclusions
Premixed flame dynamics in narrow channels were investigated numerically and assessed using classical metrics for flame propagation. At a bulk inlet velocity of 0.4 m/s, dramatic differences are observed, depending on channel height and mixture stoichiometry. For equivalence ratios ¼ 0.53 and ¼ 0.7, symmetric flames stabilize in the 2 mm channel, whereas they produce asymmetric limit cycles in the 5 mm channel. Flames for ¼ 0.7 propagate farther upstream, but have similar peak temperatures at ¼ 0.53; this is intuitive, considering that both cases have the same bulk inlet velocity. In the 5 mm channel, limit cycles exhibit a flopping mode for the leaner case, whereas asymmetric FREI are observed at ¼ 0.7. Starting with a fresh mixture, it was shown that ignition is governed by temperature thresholds, and takes place within the gas phase adjacent to the wall. For the narrower (2 mm) channel, this produces a single ignition kernel, whereas two ignition kernels are observed for the wider (5 mm) channel. Breaking of symmetry is only observed for the 5 mm channel, which has a wall spacing that is several times larger than the flame thickness. Initial deviations between the two flame wings are first observed at locations near the flame cusp, where high gradients of flow and chemical properties along the flame front trigger symmetry breaking. Subsequently, an interaction of hydrodynamic and chemical effects leads the asymmetric flames to different limit cycles. The limit cycles in the 5 mm channel were studied by inspecting the variation of the heat release and consumption rates along the flame fronts. A comparison with a marginal heat release rate reveals that flame edges go along with extinction and ignition processes. While the marginal heat release rate was initially defined based on the lean flammability limit of a 1D flame, the results justify this choice, as negative consumption rates beyond the flame edges are not consistent with conventional flame propagation. For the flopping mode at ¼ 0.53, local extinction and ignition result in receding and advancing flame branches, where oblique fronts redirect the flow ahead of the flame. For ¼ 0.7, re-ignition in the FREI mode was found to differ from initial ignition, as it is initiated in the gas phase away from the walls. Extinction during FREI is attributed to the flames propagating farther upstream, where the heat release rate drops below the marginal value for the whole flame.
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